Abstract. We prove that β p (I(G)) = β p,p+r (I(G)) for skew Ferrers graph G, where p := pd(I(G)) and r := reg(I(G)). As a consequence, we confirm that Ene, Herzog and Hibi's conjecture is true for the Betti numbers in the last columm of Betti table. We also give an explicit formula for the unique extremal Betti number of binomial edge ideal for some closed graphs.
Introduction
Let R = k[x 1 , . . . , x n ] be a polynomial ring over an arbitrary field k. Associated to any homogeneous ideal I of R is a minimal free graded resolution where R(−j) denotes the R-module obtained by shifting the degrees of R by j, and ℓ = pd(I) is the projective dimension of I. The number β R i,j (I) (or write β i,j (I) if no confusion is caused) is the (i, j)-th graded Betti number of I and equals the number of minimal generators of degree j in the i-th syzygy module. We have β i,j (I) = dim k Tor R i+1 (R/I; k) j . The set of graded Betti numbers is represented in terms of a Betti table, in which the entry at column i and row j is β i,i+j (I). The i-th total Betti number of I is defined by β i (I) = j β i,j (I). The ℓ-th column of Betti table of I is called the last column of Betti table of I. The regularity of I is defined by reg(I) := max{j − i | β i,j (I) = 0}.
Let G be a simple graph on the vertex set V (G) = {x 1 , . . . , x n } and edge set E(G). We associate to the graph G a quadratic squarefree monomial ideal I(G) = (x i x j | {x i , x j } ∈ E(G)) ⊆ R, which is called the edge ideal of G. In [4] , Corso and Nagel showed that the edge ideal of Ferrers graphs has linear resolution, and furthermore they gave an explicit formula for Betti numbers of this ideals. After that, Nagel and Reiner (see [15] ) showed that the Betti numbers of the edge ideal of skew Ferrers graphs are independent on the base field k. In this paper, we show that the last Betti number of the edge ideal of skew Ferrers graphs is equal to its unique extremal Betti number.
Preliminaries
A simplicial complex ∆ on the vertex set V (∆) := {1, . . . , n} is a collection of subsets of V (∆) such that F ∈ ∆ whenever F ⊆ F ′ for some F ′ ∈ ∆. Given any field k, we attach to ∆ the Stanley-Reisner ideal I ∆ of ∆ to be the squarefree monomial ideal I ∆ = (x j 1 · · · x j i | j 1 < · · · < j i and {j 1 , . . . , j i } / ∈ ∆) in R = k[x 1 , . . . , x n ], and the Stanley-Reisner ring of ∆ to be the quotient ring k[∆] = R/I ∆ . This provides a bridge between combinatorics and commutative algebra (see [17] 
where
for all i, j and S ⊆ V (∆). Thus we immediately obtain the following lemma:
Let Γ and Λ be two simplicial complexes on the disjoint vertex sets V (Γ) and V (Λ), respectively. Define the join on the vertex V (Γ)∪V (Λ) to be Γ * Λ = {σ∪τ | σ ∈ Γ, τ ∈ Λ}. Using Künneth formula (c.f. [1, Proposition 3.2]), we can describe the reduced homology of a join of two simplicial complexes in terms of the reduced homologies of the factors as follows:
From this formula, we obtain the following lemma. 
Proof. We prove the lemma by induction on m. If m = 1, there is nothing to prove. Now, we assume that m ≥ 2. Let Γ = ∆ 1 * . . . * ∆ m−1 and Λ = ∆ m . By the induction hypothesis, we have
By Hochster formula,
. Using Künneth formula, we obtain that
Thus s + a m = i and we get
Using (1) for the above formula, we imply that
From the above formula, we imply the last statements of lemma.
Betti numbers of edge ideal of skew Ferrers graphs
In this section, we will study non-vanishingness of the Betti numbers of edge ideal of skew Ferrers graphs in the last columm of the Betti table. In order to obtain these results, we recall a rectangular decomposition for skew Ferrers diagram (c.f. [14] ). A skew Ferrers diagram such that µ i = 0 for all i = 1, . . . , n is a Ferrers diagram.
A bipartite graph G on two distinct vertex sets X = {x 1 , . . . , x n } and Y = {y 1 , . . . , y m } corresponding to a Ferrers diagram (resp. skew Ferrers diagram) is called a Ferrers graph (resp. skew Ferrers graph) if {x i , y j } is an edge of G whenever (x i , y j ) is a cell in Ferrers diagram (resp. skew Ferrers diagram). In [4] , Corso and Nagel obtained the irredundant primary decomposition and gave an explicit formula for the Betti numbers of edge ideal of Ferrers graphs. 
,
For skew Ferrers graphs, it is not easy to give an explicit formula for Betti numbers of edge ideals of skew Ferrers graphs (see [6] 
where all D (x i k ,y j k ) are defined inductively as follows:
Step 1: Choose a top cell (
Step 2: We set
We set a := |X ′ | and 
, where the maximum runs over all subsets 
Proof. Assume on the contrary that rect(D
Without loss of generality, we assume that x u / ∈ X 1 ∪ Y 1 and x u y jt ∈ E(G) for 1 ≤ t ≤ r 1 . Thus, rect(D X 1 ∪{xu},Y 1 ) = r 1 and i t−1 < u < i t+1 , u = i t . By the rectangular decomposition of D X 1 ∪{xu},Y 1 , we reduce two following cases:
is also spherical, and so
a contradiction thanks to Lemma 2.3 (2). Therefore, we conclude that rect(D X,Y ) = rect(D X 1 ,Y 1 ), as required.
Theorem 2.5. Let G be a skew Ferrers graph. Then β p (I(G)) = β p,p+r (I(G)), where p := pd(I(G)) and r := reg(I(G)).
Proof.
, and thus, p+r = |X ′ ∪Y ′ |, a contradiction. We conclude that β p,p+r−i (I(G)) = 0 for all 1 ≤ i ≤ r−1. Therefore, β p (I(G)) = β p,p+r (I(G)), as required. On the other hand, if p + 2 = r, then p + 1 = ν(G). By Theorem 2.5 and [13, Lemma 2.2], β p (I(G)) = β p,p+r (I(G)) = β p,2(p+1) (I(G)) is number of induced subgraphs of G consisting of ν(G) disjoint edges.
Application to binomial edge ideals of closed graphs
In [7, p. 67], Ene, Herzog and Hibi gave a conjecture that the graded Betti numbers of J G and in(J G ) coincide for all closed graphs. This section is aimed at proving this conjecture for the Betti numbers in the last column of their Betti table. If G is a closed graph without cut vertices, the initial ideal of binomial edge ideal in(J G ) of G is generated by squarefree monomials of degree two (see [11, Theorem 1.1]). We set a nontrivial connected graph H, which is called initial-closed graph, corresponding to in(J G ). In [6] , Hernán and I studied the structure of this initial-closed graphs, and we realize that one is a special skew Ferrers graph.
Let G be a closed graph without closed graph on vertex set V (G) = {1, . . . , n}. Define N > G (i) := {j ∈ V (G) | i < j and {i, j} ∈ E(G)} and deg
Then the initial-closed graph H is a bipartite graph with bipartition (X, Y ), where X = {x 1 , . . . , x n−1 } and Y = {y 1 , . . . , y n−1 }, and µ(H) = (µ 1 , . . . , µ n−1 ) ∈ N n−1 . By [6, p. 33], H is a skew Ferrers graph with λ i = n − i and µ i ≤ n − 2 − i for 1 ≤ i ≤ n − 3, µ n−2 = µ n−1 = 0. The following theorem confirms that conjecture of Ene, Herzog and Hibi holds for Betti numbers in the last column of Betti table.
Theorem 3.1. If G is a closed graph, then reg(J G ) = reg(in(J G )) =: r, pd(J G ) = pd(in(J G )) =: p, and
Proof. If G is disconnected, we may assume G 1 , . . . , G s are connected components of G. It is well-known that the (i, j)-th Betti numbers of J G and in(J G ) coincide if the (i, j)-th Betti numbers of J G k and in(J G k ) coincide for all k = 1, . . . , s. Therefore, we now consider G is a connected graph. Then there exists m (m ≥ 0) cut vertices of G, say v 1 , . . . , v m . We may write G in the form
, where G i is a subgraph without cut vertices of G, and for 1 ≤ i < j ≤ m + 1 either
By the assumption, G is a closed graph, so G i is. Let r i := reg(in(J G i )) and p i := pd(in(J G i )), and p := pd(in(J G )) and r = reg(in(J G )).
Let H (resp. H i ) be a nontrivial graph such that 
Since u 1 + . . . + u m+1 = p + r − j, there exists 1 ≤ ℓ ≤ m + 1 such that u ℓ < p ℓ + r ℓ . This implies that β p ℓ ,u ℓ (I(H ℓ )) = 0, which means that β p,p+r−j (I(H)) = 0. Hence, β p (I(H)) = β p,p+r (I(H)) = 0, as claimed.
On the other hand, since J G and in(J G ) have the same Hilbert polynomial and together with β p,p+r (in(J G )) = 0, we obtain β p,p+r (in(J G )) = β p,p+r (J G ), r = reg(J G ) and p = pd(J G ). Moreover, for each 0 ≤ j ≤ r − 1, we have β p,p+r−j (J G ) ≤ β p,p+r−j (in(J G )) = 0 which means that β p,p+r−j (J G ) = 0. Therefore, β p (J G ) = β p,p+r (J G ), as required.
Corollary 3.2. If G is a closed graph, then
where r := reg(J G ) and p := pd(J G ).
Proof. Since J G and in(J G ) have the same Hilbert polynomial,
By Theorem 3.1, we have β p,p+r−1 (in(J G )) = β p,p+r−1 (J G ) = 0. Therefore, β p−1,p+r−1 (J G ) = β p−1,p+r−1 (in(J G )), as required.
The unique extremal Betti numbers of binomial edge ideal of certain closed graphs
To compute the unique extremal Betti numbers of binomial edge ideal of closed graphs, by the argument of Theorem 3.1, we can reduce the case closed graphs without cut vertices. Now we let G be a closed graph without cut vertices, and H be an initial-closed graph with µ(H) = (µ 1 , . . . , µ n−1 ) ∈ N n−1 corresponding to G. By [6, Theorem 4.5], the regularity of J G equals three if and only if µ 1 = . . . = µ s =: µ ≥ 1 and s ≥ 1, where s := min{k − 1 | µ k = 0}. In this section, we will give an explicit formula for the unique extremal Betti number of binomial edge ideal of closed graph without cut vertices G whenever the regularity of J G equals three. From there, we have an explicit formula for larger regularity case.
Firstly, we need some technical lemmas: For any simple graph G, the neighborhood of a vertex x of G is the set N G (x) := {y ∈ V (G) | {x, y} ∈ E(G)}. If S = {x}, we write G\x (resp. G x ) instead of G\{x} (resp. G\(N G (x) ∪ {x})). On the other hand, H\{x n−1 , y n−1 } is also a Ferrers graph with λ(H\{x n−1 , y n−1 }) = (n − 2, . . . , 2, 1) ∈ N n−2 . By Lemma 2.1, pd(I(H\{x n−1 , y n−1 })) = n − 3. Thus, pd((I(H), y n−1 )) = 1 + pd(I(H\x n−1 )) = 1 + pd(I(H\{x n−1 , y n−1 })) = n − 2.
Since p > n − 2, so Tor Proof. By [6, Lemma 3.8], pd(I(H)) = 2n − µ − s − 3 =: p. We will prove by induction on µ. If µ = 1, the lemma is proved by Lemma 4.3. Now we assume that µ ≥ 2. Since H y n−1 is a Ferrers graph with λ(H y n−1 ) = (n − µ − 1, . . . , n − µ − s) ∈ N s . By Lemma 2.1, pd(I(H y n−1 )) = n − µ − 2, reg(I(H y n−1 )) = 2 and β n−µ−2,n−µ (I(H y n−1 )) = β n−µ (I(H y n−1 )) = s. Then pd((I(H) : y n−1 ) = pd(I(H y n−1 )) + (n − s − 1) = p, reg((I(H) : y n−1 ) = reg(I(H y n−1 )) = 3.
Thus, β Proof. The first statement is followed by [6, Corollary 4.7] . Now we prove the second statement. Let H be an initial-closed graph corresponding to closed graph without cut vertices G. Then β p,p+3 (in(J G )) = β p,p+3 (I(H)). By the assumption, we have µ(H) = (µ 1 , . . . , µ n−1 ) ∈ N n−1 , where µ 1 = . . . = µ s =: µ ≥ 1 and s ≥ 1. By Lemma 4.4, β p,p+3 (I(H)) = sµ. From this, the theorem is proved by Theorem 4.5. Together with Theorem 4.5, β p,p+r (in(J G )) = β p,p+r (I(H)) = m+1 i=1 s i µ i , as required.
